To describe all possible injection locking configurations of spin torque nano-oscillators (STNO), previous analytical descriptions are extended by introducing the most general form of the driving force: ℱ ∝ + . We provide the expressions of the corresponding forcing functions ℱ for the six basic conservative and dissipative forcing torques ( ~ × and ~ × × with = , , ), and demonstrate at the example of a uniform in-plane magnetized STNO, that the general case (| | | |) as well as special cases, can occur depending on: (i) the nature of the forcing torque, (ii) the direction with respect to the equilibrium direction, (iii) the harmonic order and (iv) the operation point (dc current). These relations provide a straightforward means to analyze more complex forcing torques such as a rotating field or the superposition of damping-like and field-like spin transfer torques. Besides the phase properties we also address in detail the power properties of the injection locked state for which two new parameters are introduced: the locking power range and the power angle . They can provide important complementary information on the driving forces from experiment. The general description presented here is not limited to STNOs and is valid for any non-isochronous auto-oscillator driven by an elliptical forcing of conservative or dissipative nature.
field like torque. Analytically injection locking was treated for several symmetrical cases and vortex STNOs by linearization of LLGS to derive the locking range 29, 30, 31, 32 through the well-known Adler equation 33 . An alternative analytical approach is based on the Hamiltonian formalism for spin waves 34, 35 which consists in the transformation of the LLGS equation into a general non-isochronous auto-oscillator equation for a complex oscillator variable. This transformation was applied first to STNOs in the autonomous regime 34, 36 , then extended to the non-autonomous regime including external driving signals 35 . This framework can also explain many properties of the injection locked STNO such as the locked phase 1, 2, 3 , the non-Adlerian transients 7, 26, 37 , the general concepts of fractional synchronization 3 and hysteretic behavior 8 .
While most of these descriptions focused on the locking to an rf spin polarized current and on the phase dynamics in the stationary locked state, less has been reported on: (i) the locking to rf fields 3, 5, 8, 30 or several locking forces acting simultaneously 24 , (ii) the differences or common features of all different injection locking configurations for conservative (rf fields) or dissipative (rf currents) driving signals, (iii) the properties of the locked oscillation power in addition to the locked phase 26, 38 and (iv) the dependence of the locking properties on the free running oscillation power. All these issues should be addressed in order to significantly help defining efficient and robust injection locking schemes for various applications of signal generation or detection.
In order to answer these questions, we have extended existing analytical descriptions based on the Hamiltonian formalism in section II.A. The main modification to describe the dynamics of the complex oscillator variable is the introduction of a general forcing function ℱ ∝ + that is called elliptical, since the real and imaginary parts are unequal | | ≠ | |. This contrasts most descriptions of injection locked STNOs in literature that use circular forcings (| | = | |). We provide the stationary solutions of the injection locked phase as well as the power for a general non-isochronous auto-oscillator under elliptical forcing. Notably, the discussion of the power is important because it provides a new powerful tool to characterize experimentally the injection locking properties. In section II.B, we summarize the transformation of the LLGS equation to the general oscillator equation following Ref 34, 35 . Then, we provide the corresponding transformations of the six basic forcing torques, which are three conservative torques (~ × ) and three dissipative torques (~ × × ) with the direction of the spin polarization or driving field and = , , . Through this, we provide the corresponding expressions of the forcing parameters and for the basic forcing torques in terms of the free running power and in the case of STNOs the ellipticity of the precession trajectory. Any other forcing torque can then be derived from this through a linear combination. In section III, the analytical results will be compared to numerical simulations for specific cases that are of interest for experiments and applications. We discuss the dependence of the power deviation vs detuning, the dependence of the synchronization properties as a function of dc current and also demonstrate that the derived expressions provide a straightforward means to analyze injection locking of more complex locking torques. Here is the phase difference between the phase of the oscillator and that of the external generator = ' − ' $ and n is the harmonic order defined by the ratio between the generator to the oscillator free running
II. THEORITICAL ANALYSIS
The forcing function ℱ , !, given in Eq. 2, is written as a complex elliptical function, where the real forcing parameters > 0 and respectively scale the real and imaginary part that act on the power respectively phase.
The angle 8 defines the orientation of the forcing in the complex plane. The exact expressions of !, ! and 8 ! depend on p and and, as in the case of STNOs, on the ellipticity of the trajectory (details see Sec. II B). They reflect the way the external signal source couples to the oscillator trajectory 3, 36, 35 and therefore have to be derived for each type of oscillator and injection locking case separately.
In order to obtain the stationary solution of the injection locked state, Eq. 1 is linearized around the free running state 35 ; , ; ! assuming that is shifted by a small amount = − ; ≪ 1. With this, one obtains the expressions given in Table I for the phase difference and the power deviation as a function of the frequency detuning = ; − $ and the locking range I . As compared to Ref 35 , I and the phase difference ; at zero detuning = 0 are generalized to the case of elliptical forcings ℱ ; !, by rescaling the normalized non-linear frequency shift parameter P with the ratio / . This leads to a new factor λ = P / .
Here P is defined through P = # ; /2 35 with the power damping rate 2 . It is noted, that from the expression I/% $ given in Table I , it may be tempting to conclude that I/% $ scales with , however since , depend themselves on n this dependence is more complicated and an example will be discussed in Sec.
III.C for spin torque oscillators. Table I provides the expression for the power deviation , introducing two new parameters: the locking power range and the power angle. The power range gives the maximum power deviation and depends on the generator amplitude % $ as well as the ratio /2 . The latter dependence can be interpreted as the competition between the power component of the forcing that tries to increase the power deviation and the restoring force proportional to 2 that tries to bring the oscillation back to the free running limit cycle ; .
The power angle influences strongly the shape of the power deviation within the locking range. This is demonstrated in Fig. 1 where the normalized power deviation / from Table I is plotted as a function of the normalized detuning / I for different values of . For = 0 or ]!, the power deviation describes a half circle in the positive (negative) plane, for = ]/2 (or 3]/2! it is linear and for any other value of the shape of the power deviation is a superposition of a half circle and a linear curve. Since is given by λ (see Table I ) the shape of the power deviation within the locking range depends on λ and therefore contains many valuable information on the oscillator isochronicity and/or on the ratio / of the forcing parameters.
The different limit cases of λ are discussed next for which the synchronization parameters simplify. (i) Non-isochronous oscillator and/or power forcing |b| ≫ d: This case occurs when the system is very nonisochronous |P| ≫ 1 and/or when the power forcing is larger than the phase forcing parameter ≫ . As a consequence, the forcing function Eq. 2 is approximated by a "power forcing" ( ≠ 0, ≈ 0), i.e.: ℱ f ≈ ℛ, ℱ!.
Furthermore, takes only two possible values = ]/2 for #>0) and = 3]/2 (for #<0) and as shown in Fig. 1 the power deviation is linear and given by = / I! = / #!. This relation expresses that in the locked regime the oscillator adapts its power to match the frequency detuning corresponding to the nonlinear frequency-power dependence of the free running regime.
(ii) Isochronous oscillator and/or phase forcing |b| ≪ d: This case occurs when |P| ≪ 1 and/or | / | ≪ 1. For |P| ≪ 1, the oscillator is isochronous so that the phase difference and the power deviation will be decoupled. With = −%R V% h ≈ 0 the dependence of i describes a half circle, see Fig 1. For | / | ≪ 1, the forcing function Eq. 2 can be approximated by a "phase forcing" ( = 0, ≠ 0) that only acts on the phase difference : ℱ f ≈ ℐk ℱ!. An important consequence is that in this case the variation of the power deviation is zero ( =0). Both situations |P| ≪ 1 and/or | / | ≪ 1 lead to a strong reduction of the locking range I. It is emphasized that even for large |P|, this limit case can occur when the ratio | / | ≪ 1
and an example will be given for STNOS in Sec. III.
(iii) Special cases |b|~d and |b| = |l|: For the case of |λ|~1, the full elliptical forcing function Eq. 2 has to be considered, the locking range will be enhanced moderately by ~√2 and the power deviation will be asymmetric with since ≈ ]/4 or 3]/4, (compare Fig. 1 ). In the case of circular forcing |λ| = |P| , the external driving signal will drive the phase and power with the same amplitude (~% $ and | | = | |). This forcing has been most often considered in the literature to discuss injection locking of STNOs 35, 26 . Note that in the case of large P, the circular forcing also simplifies to the power forcing discussed above. As we will see in Sec II.B, the circular forcing is not the only possible form of driving signal for STNOs. There are situations when the driving remains elliptical or reduces to a phase or power forcing. The discussion of this section on the elliptical forcing function and its special cases will therefore be relevant for experiments on spin torque oscillators as shown next.
B. Transformation of the LLGS equation using the Hamiltonian spin wave formalism
In the following injection locking of STNOs is considered where the example of a uniformly magnetized in-plane oscillator of elliptical cross-section is chosen, see Fig. 2a . The dynamics of the free layer magnetization = &k n , k o , k p (, subjected to a current spin polarized in the direction q = &k n , k o , 0(, is governed by the Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation 35, 40, 41, 23 :
The right hand side terms are the precession torque, the Gilbert damping torque, the spin transfer torque (STT) (called here damping-like torque DLT) and . ! } is the forcing torque. is, for simplicity, neglected for the free running regime but its effect on the injection locking can be prominent and will be considered in Sec. III.E. The effective magnetic field u vww = u {| + u {v• , defines the equilibrium direction ‚ ( Fig. 2a ) with u {| = ƒ {| n the static applied field, u {v• = −" … † ‡ the demagnetizing field, " … the saturation magnetization. † ‡ is the demagnetizing tensor, its off-diagonal components are zero and its diagonal components obey the relation # pp ≫ # oo > # nn . Because of this, the motion of the free layer magnetization is strongly elliptical around the x-axis with a small out-of-plane component k p . The material parameters used are summarized in Fig. 2d and some trajectories are plotted in Fig.3a . 
to an out-of plane precession 42, 40 that is not considered here. (c) Normalized non-linear frequency shift |P| (left scale) and power damping rate Γ /] (right scale) vs power ; . Note that |ν|≫1 for the oscillator parameters considered here. (d) Table of parameters used for the numerical evaluations based on equations given in the Appendix A and with dimensions of the free layer (in nm) • n = 90, • o = 80, • p = 3.9, demagnetization factors # nn = 0.0525, # oo = 0.0594, # pp = 0.880, k n = cos(165°), k o = sin(165°), k p = 0, linear damping Γ 
(i) Forcing Form: Table II shows that for STNOs all different cases of forcing can occur. More specifically, for = 1 the forcings are elliptical, for ≥ 2, the dissipative forcings Ÿ oe,• , ! are power forcings ( . ,. = 0), whereas the conservative forcings ž oe,• , ! are circular forcings (i.e. | / | = 1). For many spin torque nanooscillators one has P ≫ 1 and thus |λ| ≫ 1, so that the synchronization properties in the case of elliptical and circular forcing can be approximated by those of power forcing. As will be shown below the case of Ÿ o, turns into phase forcing at specific values of the power.
(ii) Harmonic order: For both conservative and dissipative driving signals, injection locking occurs at even orders = 2, when the driving signal is along the equilibrium direction n and at odd orders = 1, 3 when it is along an orthogonal direction o or p . This confirms experiments and simulations using rf fields and currents 3,4,23 .
(iii) Ellipticity ¤/¥: The exact expressions in Appendix B show that ; , , depend on the orbit ellipticity '/'. An important consequence is that for |'/'| = 0 (i.e. for circular orbits) injection locking cannot occur at ≥ 2 (power and circular forcings) since here = = 0. This is consistent with descriptions for out-ofplane precessions 23, 38 either for a driving by field or current injection. When |'/'| is non-zero, each case has to be analyzed separately since not only the forcing parameters , , but also the nonlinear parameters P and Γ depend on |'/'|, see Appendix A.
(vi) Power dependence: An important aspect of the optimization of the injection locking is to define the operational conditions that for instance provide large locking ranges. Therefore one should inspect in more detail the dependence of the locking parameters of Table I on Note that for a case of strong positive ellipticity '/' ≈ +1 the singularities would have led to a critical behavior in ž p, , Ÿ p, . These findings are an important illustration of the strong interdependence between the forcings and the orbits and that the exact forcing function has to be derived separately for each injection locking case and for the different operational points. as was also found in Ref 8, 32, 44 . The derived analytical expressions permit to extend the analytical description to larger values of 43 as will be described elsewhere.
III. ANALYSIS OF SPECIFIC INJECTION LOCKING CASES

A. Macrospin solver
In the following the analytical description of Section II for the in-plane uniform oscillator will be applied to According to the discussion on Fig. 1 , the strong change of with Š is expected to lead to a strong variation of the power deviation ! with the supercriticality Š. This is confirmed in Fig. 5(a-c) . For small Š = 1.06, the elliptical forcing function ℱ can be approximated by a power forcing using ℱ f = ℛ, ℱ! because for the STNO considered here P ≫ 1. This leads to close to 3]/2 (see Sect. IIA) and a linear dependence of !, as shown in Fig. 5a . Increasing the supercriticality to Š = 1.19 the power forcing starts to turn into a phase forcing and takes a value between 3]/2 and 2] , explaining the transition from a linear to a tilted parabolic dependence of !, see Fig. 5(b,c) . At the critical power {o ≈ 0.22, corresponding to Š ≈ 1.2, compare Fig. 3b, the analytical model predicts a pure phase forcing ℱ f = ℐk ℱ!, leading to =0 and hence =0. However, the simulated power range in Fig. 4b and the power deviation in Fig. 5d are small but not equal to zero, the solutions are asymmetric with the detuning and the phase difference (inset of Fig. 5d ) does not show the typical arcsine shape predicted from the Adler equation. From this, it is concluded that in the close vicinity of the critical power pdy, the synchronization cannot be fully described by the analytical solutions of Fig. 1 because non-resonant terms have been neglected in the transformation (see Sec. II.B) that might start to become important to correctly describe the power variation around pdy, Except these deviations for at the critical power, there is otherwise a very good agreement between the analytical description using Ÿ o, and the numerical results for all locking parameters, see Fig. 4 C. Injection locking through the conservative forcings ° ,d , °‚ ,± , ° ,² supplied by a magnetic field
The next example will compare the efficiency of the injection locking to an external field at different orders = 1, 2, 3. We consider a linearly polarized driving field ƒ $ & $ V( $ , see Fig. 6a , where the field direction $ = ³!, ³!, 0! lies in the − plane of the layer with ³ the angle between the applied field and the x-axis.
For this case, we focus only on the phase properties I and ; . For the simulation, the forcing torque is given by Eq. 5a whereas the analytical model gives three different forcings Eq. 5(b-d) depending on the order (see Table II) : To compare the efficiency, the corresponding locking ranges are normalized by the driving field amplitude and the ratio I/ƒ $ is called here coupling sensitivity. Fig. 6(b-c) , shows the evolution of the coupling sensitivity I/ƒ $ and of the phase difference ; as a function of the angle ³ of the driving field. As can be seen the coupling sensitivities I/ƒ $ are ]-periodical with ³ and the phase differences ; are 2]-periodical. This is consistent with reported experiments 3 and simulations 48 where the locking range for = 1, 3 is maximum when the field is collinear with (³ = 90°) and maximum for = 2 when the field is applied along ‚ (³ = 0!. When the coupling sensitivity goes to zero, the corresponding phase difference ; exhibits a jump of ] due to the sign change of ³ and respectively ³.
Note that for the operating point (Š = 1.06) in Fig. 6 , the maximum locking range for =1 (³ = 90°) is larger than for =2 (³ = 0°), which is larger than for =3 (³ = 90°): I •µn,• ¶ > I •µn,• ¶ > I •µn,• ¶¡ , see Fig.   6b . However, this is not the case for all values of Š, for instance for Š = 1.4 (not shown here) it is I •µn,• ¶ > I •µn,• ¶¡ > I •µn,• ¶ . Hence, the locking parameters strongly depend on the operational point Š (i.e. on the power) and it is not straightforward to predict for which order n, injection locking will be more efficient. This is a further demonstration that the exact expressions of the forcing are needed to correctly describe the injection locking behavior and to compare specific configurations. The analytical model presented here provides a straigthforward means to address more complicated injection locking cases that are a superposition of the basic forcing torques and consequently of the basic forcing functions defined in Table II . As an example we consider the injection locking to a rotating driving field ƒ $ $ V! at = 1, where the dynamic
orthogonal to the equilibrium direction of the magnetization. Here ' ¹ is a fixed phase delay.
The forcing torque . ! š and the analytical forcing function ℱ , ! are given in Eq. 6, where the analytical description is simplified under the assumption that |h| ≫ 1 (only power forcings): (Table B3 ).
The phase delay ' ¹ between the two directions and ¢ induces a polarization of the driving field. In what follows, we will focus on: (i) a linear polarized field (' ¹ = 0 (]), similar to Sec. III.C) and (ii) a circular polarized field (' ¹ =±]/2 and · o = · p ).
(i) Linear polarized field
The driving field is linearly polarized along the fixed direction $ = &0, · o , · p ( = &0, The angular variation of the coupling sensitivity I/ƒ $ and the phase difference at zero detuning ; are illustrated for the in-plane STNO in Fig. 7(b-c) 
(ii) Circular polarized field
We now add a constant phase delay between the y-and z-components of the driving field in Eq. 6a to generate a circularly polarized magnetic field in the plane ( o , p ). Choosing · o = · p = · and a phase delay ' ¹ = ±]/2 one arrives at two configurations indicated in Fig. 7d : for ' ¹ =+]/2 the driving field rotates in the same direction as the dynamical component of the magnetization and for ' ¹ = −]/2 it rotates in the opposite direction. In these cases, the forcing of Eq. 6b after reformulation, leads with = ±1 for ' ¹ = ±]/2 to the expressions of Eq. 8 that show that the locking range I is now a linear superposition of the locking ranges I p and I o , while ; is constant, as shown in Fig. 7f .
The important result here is that upon adjusting the phase delay ' ¹ it is possible to enhance or reduce the locking range: an identical rotation sense (s=+1) of the magnetization and the driving field increases the locking range whereas an opposite rotation sense (s=-1) reduces it. This is illustrated in Fig. 7e for the corresponding coupling sensitivity I/ƒ $ as a function of supercriticality. Fig. 7e furthermore shows that for s=+1 I/ƒ $ is larger than the largest of the two locking ranges which is I o , and that overall I/ƒ $ decreases with increasing supercriticality Š . Finally, there is a good agreement between the analytical model and the simulation.
This configuration is very important for practical applications, notably the mutual synchronization of STNOs.
The understanding of their coupling through the generated dynamic dipolar fields will be crucial to define a robust array of mutually synchronized oscillators. For instance, the situation described in Fig. 7 (d-f) would correspond to two in-plane STNOs whose time varying y-and z-components of the magnetization define a circularly polarized dipolar field in the y-z-plane. Other configurations are the out-of-plane precession mode or a vortex STNO 21 that generate a circularly polarized field in the x-y-plane. Based on the results in Fig. 7e , it is predicted that the coupling is more efficient when each oscillator sees a global dipolar field, rotating in the same direction as the magnetization. This is actually found in experiments on dipolar coupling of vortex oscillators 21 .
E. Injection locking through two simultaneous forcings
To finish, we generalize the method in Sec. III.C-D of combining two forcings to any sum of two functions › É and › Ê of Table II . For this it is necessary to define a "global phase delay" Ë written: Ë = 8 É − 8 Ê − ' ¹ , where the two most important cases are Ë = ]/2 (3]/2) and Ë = 0 ]!:
(i) Ì = Í/2 or 3Í/2: In this case the combination of two forcing › É and › Ê leads to the properties of Eq. 7a
and Eq. 7b, where the locking range depends in a non-trivial manner on the individual locking ranges and the phase difference ; can be continuously tuned via the driving components · É , · Ê of the two involved forcings.
An important example for the case of Ë = ]/2 (3]/2) is the injection locking at = 2, using a spin polarized current with a spin polarization component along the In the case of a strong FLT (€ y; ≫ % y; ) this will add a phase shift of ±]/2 to ; . However, even if the FLT is small, but ,|n ≫ ,{n , there will be a non-negligible contribution to the zero detuning phase difference. A similar result has been found to explain injection locking and mutual locking of vortex oscillators 7, 22 . It was shown that the field like torque cannot be neglected to interpret the experimental results. Injection locking can thus provide important information on the presence and value of the field like spin transfer torque.
(ii) For Ì = Ð or Í, the injection locking properties of the combined forcing simplify to Eq. 8a and Eq. 8b. As a consequence, similar to the rotating field discussed in Fig. 7(d-f ), the locking range will be enhanced or reduced depending on the rotation sense. For example, this can be useful to elaborate more complicated injection locking schemes, where at the same time, a driving current and a field synchronize the system. The model states that an optimal increase (or resp. decrease) of the locking range is possible, when the condition Ë = 0 (or resp. ]) is fulfilled. This can be obtained by choosing an adequate forcing and phase delay ' ¹ .
IV. CONCLUSION
In summary, in order to treat analytically all possible injection locking configurations for STNOs, we have introduced the most general form of the forcing function ℱ, which is elliptical : ℱ ∝ + with | | ≠ | |. We first provide for such elliptical forcing the stationary solutions (Sec. II.B) for the phase difference and the power deviation . They are fully described by the four locking parameters I, , ; , that depend on the forcing parameters and as well as on the non-linear oscillator parameters P and 2 (see Table I ) that can be varied through the free running power ; . Here we have introduced: (i) the power range , that defines the largest power deviation within the locking range, (ii) the power angle that defines its shape ( Fig. 1) and (iii) the enhancement factor h that rescales the non-linear coupling parameter P, and through this modifies previous expressions of I, ; . Since the analytical oscillation power and the experimentally measured electrical signal can be related, it is expected that one can obtain important additional information on the locking forces from experiments when analyzing the power in the injection locked state.
The results for a general elliptical forcing ℱ are valid for any non-isochronous auto-oscillator. Here they are applied to the specific case of a uniformly in-plane magnetized STNO, although this can be easily transferred to other STNO configurations by appropriate choice of the coordinate system. An important output of the paper is that we provide for the six basic forcing torques (three conservative ~ × and three dissipative ~ × × ) the explicit expressions of the corresponding forcing functions ℱ ∝ + (Table II) ,
where the forcing parameters , depend on the free running power ; (or supercriticality Š ) and the ellipticity '/' of the STNO trajectory. With this, one straightforwardly obtains the dependence of the injection locking properties I, , ; , as a function of ; (or Š) and '/'. This allows the analysis and comparison of different injection locking configurations vs. external control parameters (dc current and via '/' applied magnetic dc field) or the anisotropy (defining '/' ). The full potential of the analytical description is demonstrated when superposing two external rf driving signals at the same frequency and with a fixed phase delay. For the example of a rotating rf magnetic field we show that the locking range depends on the rotation sense. Rotating rf fields occur when considering mutual synchronization of STNOS via dipolar fields. The analytical description is expected to provide a better understanding of the mutual synchronization of several STNO devices via dipolar field and/or rf currents and will help to define robust synchronization schemes, that are also relevant for rf signal detection.
The parameters of the spin wave transformation are summarized in Table A1 and the equivalent expressions in the d-variable of each torque of the LLGS equation, Eq. 3, are shown in Table A2 . The parameters of the conservative and dissipative terms are defined in Table A3 . More details on the transformations can be found in Refs 37,43. TABLE B1 . Circular forcings at = 2, 3 with ae ! = √1 − and for '/' > 0 (If '/' < 0 add +] to 8). Note 1: Expression of Ÿ oe, given for < {oe with i = y, z. Otherwise, multiply by -1 and add +] to 8.
Forcings
